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1 Introduction

In this report, we review the proof of Arzuma-Hoeflding inequality, which
is a martingale version of classical Hoeffding inequality.

Theorem 1.1 (Arzuma-Hoeffding). Given probability space (2, F, (Fn)n>0),P),
and a series of adapted random variables (Xy)n>0 satisfying almost surely
an < X, <b,, then Ve > 0, we have

n n 262
P X — E|[Xg|Fr_1] > € <exp|-—

,; ,; Xl P > k=1 (b — ax)?

In the case where (X,,)n>0 is independent, it becomes a classical Hoeffd-
ing inequality. The proof can be divided generally in three steps

1. Apply Markov inequality to the Laplace transform.
2. Estimate the log-Laplace transform by the Hoeffding lemma.
3. Optimize the parameter.

First and third step is more or less easy, however the second step requires a
little effort which writes

Lemma 1.1 (Hoeffding). For any random variable X satisfyinga < X <b,

then YA > 0 )
A
log E[e*¥] < AE[X] + g(b —a)?



In the proof of Arzuma-Hoeffding, it requires a conditional version of
this lemma

Lemma 1.2 (Conditional Hoeffding). For any random variable X satisfying
a < X <b, then VA > 0 and o-algebra G

2
log E[e*¥|G] < AE[X]|G] + %(b —a)?
During the course, we give three proofs but we would like know if we
can follow the same step as classical Hoeffding lemma.
In the following part, we will prove it by the same strategy applying
change of probability under different o-algebra. Moreover, we will prove a
stronger version of Arzuma-Hoeffding says

Theorem 1.2 (Bounded difference Arzuma-Hoeffding). Given probability
space (0, F, (Fn)n>0),P), and a series of adapted random variables (Xp)n>0
satisfying almost surely Gp+a, < X,, < Gp+b, where Gy, is predicable(F,_1
adapted), we suppose only L' condition for (Gyn)n>0,(Xn)n>0 then Ve > 0,
we have

n n 262
P X — E[Xk|fk_1] >e| <exp (— n )
,; kZ::l > =1 (b — ag)?

2 Proof of conditional Hoeffding lemma

We recap the proof of classical Hoeffding lemma quickly.

Proof. Classical Hoeffding lemma We denote log-Laplace
$(A) = log E[e*]

and a change of probability

d@)\ B e)\X

dP  E[eM]

, of course this change of probability requires the integrability. Then the
first and second derivative of ¥(A) has a very impressing interpretation

e)\X
Y = Sy —Eol)
” E[X2e M E[X e
PN = I[E[eAX] I [[E][e/\X]])Q = Vargs [X]



Therefore,

2?2 9
In the last step, we use the fact that the variance of X is bounded by %
under any probability space Q since
(a+b) ] _ (b—a)
Varg[X] = Eq [(X — EqlX])?] < Bo [(x - 72| < B
O]

In fact, we can follow the same procedure as above. However, we have
to recall some basic property of conditional expectation and change of prob-
ability under different different o-algebra.

Proposition 2.1. Given a probability space (2, F,P) and another o-algebra
G C F. We also has another probability defined on F such that

dQ
dP
To reduce the notation, we write Eg[-] if we apply expectation under proba-

bility Q while keep E[-] for the expectation under P.We recall the following
properties about the conditional expectation.

L

1. Conditional expectation E[X|G] is a G-measurable random variable
such that
VA € G,EE[X|G]14] = E[X14]
The conditional expectation also follows the monotony i.e if X <
Y,P — p.s then E[X|G] < E[Y|G].

2. Change of probability Under another o-algebra G, we have
dQ
—|g = Ep[L
g = Es[LI0]

3. Bayes formula We can do conditional expectation under probability

Q
1

e = gzig)

E[LX|G]

(With convention 3 = 0)



Proof. 1. is just the definition of conditional expectation.

2. VAeg,
Q[A] =Eq[14] = E[L14] = E[E[L|G]14]

this implies that %\g = Ep[L|F].

3. We check the definition of conditional expectation under the probabil-
ity Q applying the second property.

Eq ME[LXWHA — E[E[LX|C]14]
E[LX1.4]
Eo[X14]

O

With these propositions, we can prove the conditional Hoeffding lemma
in the same way of classical Hoeffding lemma.

Proof. Conditional Hoeffding lemma We denote now
¥(A) = log E[e*¥|d]

then we have

E[Xe MG
E[er*[G]
woy — EXeNG)  (EXEIGN
-~ E[eMg] E[eAX]7]
We have to interpret these derivative. In fact, by defining
d@)\ 6>‘X

Iy—
P~ T E[eNg]
we see easily it’s a density since E[L)|G] = 1 so E[L)] = E[E[L,|G]] = 1.
Then we check the third property

1 E[XeM |G
Epx [X|G] = WE[LAX‘Q] = H‘E][e)‘Xé]]

Therefore, we obtain the same interpretation as change of probability ap-
plying in conditional expectation.

P'(A) = EplX|]]
V') = EqlX?|G] — (Egr[X]G))?
= Eg [(X - Eg[X|G))*¢] = Varga[X]



The second one has a similar bound estimation of conditional variance
by applying the bias-mean decomposition, i.e VY a G-measurable and VQ a
probability

Eq[(X ~ Y)*I6] = Eg[(X ~Eg[X|G)* + (Eq[X|G] - Y)? +2(X — Eq[X|G]) x (Eq[X|G] ~ Y)IG

= Eg [(X — Eq[X[g])*¢] + (Eg[X|G] - Y)?
> Eq|(X —Eq[X]9])*9]
On apply Y = “TH’ for Q* and obtain that

V(N = Epl(X —Ep[X]6])*|G)

a+0b. 5
Pg)

Eg» [(b;G)QIQ] _ ¢ _4a)2

The rest part is just like the classical Hoeffding lemma.

< Egl(X —

IN

3 Generalization to bounded difference case

We prove the generalized case. We study a case where G+a < X < G+b
where G is G-measurable. Then we apply Hoeffding lemma to X — G and

obtain
2

A

log E[e*X=9|G] < AE[X — G|G] + <= a)?
However, since we don’t know E[eAX | < o0, we cannot expect a common
version of conditional Hoeffding lemma. One correct way to see it may be
defining

E[X"9|G] = lim e *E[eM1g1<n(G] (1)

N—oo -
Since e 1|G|§ n is always bounded, the definition always makes sense and
the limit is a convergence monotone.(But the limit may not be L!.)
We check this definition. VA € G

E A}gnoo e_AGE[e)‘X 1|G|§N|g] 1A}

= E| lim E[e/\(X_G)l\G|§N1A|g]

| N—00

= E|E[ lim e’\(X_G)l\GKNlA’g]

N—o0

(Monotone convergence)

= E[E[**91,|g]]

) [ex(X—G)lA}



Therefore, we get an asymptotic conditional Hoeffding lemma

2
lim log E[e**15<n|G] < AE[X|G] + )\—(b —a)?
N—oo 8

This is good, but it helps us so little since we could not apply an asymp-
totic version of Hoeffding lemma to the proof. However, this inspires us that
the lemma works once we truncate the random variable. We give two proofs
to the same conclusion by going over the problem of integrability applying
truncation.

Remark. The second comes first after I notice that the above asymptotic
conditional Hoeffding formula helps so little. However, when I review the
note of the course, I believe that Prof.Stoltz may want not only well defined
the conditional expectation, but also a modified Hoeffding lemma that works
in a general case. Thus I revise the formula and follow the same idea but
get another proof.

Proof. (Proof 1 : Truncate the random variable directly) We modify
a little the asymptotic conditional formula and get the following lemma.

Lemma 3.1. We suppose that X,G € LY(Q) and G is G-measurable and
G+a< X <G+b. Then for all A > 0, we have

E[9IG) = lim B[} -Dheizy|g] (2)
—00

This expression gives us that

2
lim log E[e*XYiei<v|G] < AE[X|G] + > (b — a)? (3)
N— 8

This lemma is just a revised version of the previous one. We give its
proof easily.

Proof. VA € G, we have
E | lim E[e*X-Gci<n|G]1,
| N—00 |

= E| lim E[e*X~DNeisng 4|g]
| IN—o00 ]

= E E[]\}lm X =Gci<v 1 4|G]| (Dominated convergence theorem)
—00 i

= E[E[Dhosvi,[g)

— ]E _CA(X_G)I‘G‘SN]_A}




Since E[e*161<7|G] is always well defined, we have

log E[e**=9|g] = A}im log E[e* X =@ici<n|g]
—00
= lim E[eMei<y|g] — AG1 <y
N—o0 hS
= lim E[e*MMeisN|G] — G
N—o0

Therefore, we get

)\2

lim log E[eMMeI<n|G] < AE[X|G] + = (b — a)?
N—o0 8

O

We apply this asymptotic conditional inequality to the Arzuma-Hoeffding
inequality.

P> (Xi — B[ Xi|Fe-1]) > €]

k<n

= lim P[Z(Xkl\GMSNk — E[Xk‘fk_l]) > 6]

Vk<n,N,
SN, N —00 kgn

_ lim ef)‘EE[e/\ Zkgn(Xkl\Gk\gNk*E[Xklka])]
Vk<n,Np—oo0

= he th e—)\E]E |:6)\ Zkgnfl(XkHGk\gNk _E[Xkl}-k_l])]E[eAthGn\SNn_]E[an]:’"*ﬂ |fn—1]
SN, Np—00
(Using asymptotic Hoeffding lemma)

2
= lim e e Zkﬁn(bk_ak)2+6(5 —0)
Vk<n,Np—o0

Then we optimize the parameter and get the desired result. O

Proof. (Proof 2 : Truncation by conditional probability)
We denote Ay, = {|Gi| < Ny} and By, = <, Ax and we define a change
of probability B
dQ  1p,
dP ~ P[B,]

. One may worry the probability of B,,. In fact,

U 4¢

k<n

P[B,] = 1 - P[B;],P[B;] =P < D PGk > Ny

k<n

So we make Ny big enough, we have P[B,] > 0. Under the probability Q,
(Gk)k<n are bounded, so are (X)g<n. So, we apply the Arzuma-Hoeffding
inequality under the probability Q and obtain

< e 262
o
=P TS e —an)?

Q ZXk — Z]EQ[Xk’fkfl] > €

k=1 k=1




This is
n n 62
P HZ X — ;EQ[Xk’fkfl] > 6} N Bn‘| < P[Bn]exp <_ Zgzlék — ak)2>

k=1
< exXp 262
o[ —
- > h=1(bx — ag)?

We would like pass to the limit. The dominated function is easy since

function of indicator 1{22:1Xk—ZZ:ﬂE@[Xk\ﬂ—ﬂ>E}an < 1. Observing
that when we pass N — oo, Vk < n, we have 1, — 1 and

E[anXk|fk_1]

]EQ[XICLF]{:—l] = ]E[].B |fk—1]

— E[Xk‘}-k_l]

This passage to limit is established by the Bayes formula and the conditional
dominated convergence.

In conclusion, when we pass N — oo,Vk < n, we obtain the exact
Arzuma-Hoeffding inequality. O



